Abstract. A lion and a man move continuously in a space X. The aim of the lion is to capture his prey while the man wants to escape forever. Which of them has a strategy? This question has been studied for different metric domains. In this article we consider the case of general topological spaces.
metric spaces [4] . The motivations of the problem vary from Robotics, Computer Science to Pure Mathematics.
In this paper we will study the lion and man problem in non-necessarily metric topological spaces. Of course, in this context the notion of speed makes no sense. The plethora of spaces in the non-Hausdorff zoo will make up for the lack of speed to produce interesting examples. The tools used in this article are completely elementary.
Let X be a topological space. Let m, l ∈ X denote the starting positions of the man and the lion respectively. Given x ∈ X denote by P x (X) the set of continuous maps γ : [0, +∞) → X with starting point γ(0) = x. Given γ ∈ P x (X) and t ∈ [0, +∞), we denote by γ <t and γ ≤t the restrictions γ |[0,t) and γ |[0,t] . A strategy for the man is a function S : P l (X) → P m (X) with the following properties: i. For each β ∈ P l (X) and each t ≥ 0, S(β)(t) = β(t).
ii. If β, β ′ ∈ P l (X) and t ≥ 0 are such that β <t = β ′ <t , then S(β) ≤t = S(β) ≤t . The second requirement is known in [4] as the no-lookahead rule. A strategy for the lion is a function S : P m (X) → P l (X) with the following properties: i. For each α ∈ P m (X) there exists t ≥ 0 such that S(α)(t) = α(t).
ii. If α, α ′ ∈ P m (X) and t ≥ 0 are such that α <t = α ′ <t , then S(α) ≤t = S(α) ≤t . The following easy observation shows that a metric turns this game into a trivial pursuit. Proposition 1. Let X be a path-connected Hausdorff space and let m, l ∈ X. Then the lion has a strategy.
Proof. Define S : P m (X) → P l (X) as follows. Choose first any path γ from l to m. Let α ∈ P m (X). Let S(α)(t) = γ(2t) for t ≤ 1 2 , S(α)(t) = α(2t − 1) for 1 2 ≤ t ≤ 1 and S(α)(t) = α(1) for t ≥ 1. Then S(α) ∈ P l (X) and S(α)(1) = α(1). The map S satisfies the no-lookahead rule since 2t − 1 < t for t < 1 and S(α)(1) = α(1) is determined by α <1 by the Hausdorff hypothesis.
Proposition 2. Let X be a Hausdorff space which admits a fixed-point-free map f : X → X. Then the man has a strategy for some m, l ∈ X.
Proof. Let l ∈ X be any point and take m = f (l). Define S : P l (X) → P m (X) by S(β)(t) = f (β(t)). Once again, the Hausdorff axiom guarantees that S satisfies the nolookahead rule.
For example in S 1 , for antipodal (or any two different) starting points, both the lion and the man have strategies.
We turn now to non-Hausdorff spaces.
Proposition 3. Let X be an indiscrete space. Then the lion has a strategy.
Proof. Let m, l ∈ X. Define in P m (X) the following relation: α ∼ α ′ if there exists t > 0 such that α <t = α ′ <t . This is clearly an equivalence relation. Denote by α the class (germ) of α. With the Axiom of Choice we choose for each class c a representative r(c) ∈ P m (X). Define S : P m (X) → P l (X) by S(α)(0) = l and S(α)(t) = r(α)(t) for t > 0. Since X is indiscrete, S(α) is continuous. If α <t = α ′ <t for some t > 0, then α = α ′ , so the no-lookahead rule is fulfilled. Moreover, S(α) and α coincide in an interval (0, t).
It is easy to find spaces where the man does not have a strategy. For instance if in X = [0, 1] the lion moves in a path β that passes through 0 and 1, then any other path will coincide with β for some t ≥ 0. The previous results seem to give evidence that the lion has a strategy in every space. However, we will show that the Axiom of Choice can be against the lion in some examples.
Theorem 4.
There exists a space X in which the lion does not have a strategy for some initial points m, l ∈ X.
Proof. We imitate the classical construction of the uncountable well-ordered set in which each proper section is countable ([10, Lemma 10.2, Theorem 10.3]). Let c be the cardinality of the continuum R. We construct a non-empty well-ordered set X without maximum such that every subset Y ⊆ X with cardinality #Y ≤ c is bounded above. For this take any well-ordered set Z with maximum and cardinality greater than c and consider the smallest element z ∈ Z such that the section Z <z has cardinality greater than c. Then X = Z <z does not have a maximum and if Y ⊆ X is such that #Y ≤ c, then #( 
). This is not the usual order topology (in which a basis is given by intervals (a, b)). X is path-connected since the partial order in X is a total order. Concretely, given x ≤ y ∈ X, γ(t) = x for t < 1 and γ(1) = y defines a path from x to y (cf. [9, 12] ).
Let l be the minimum of X and m the second element of X. Suppose that S : P m (X) → P l (X) is a strategy for the lion.
If we take α 0 ∈ P m (X) to be the constant map m, then S(α 0 ) ∈ P l (X). Since {l} = X <m ⊆ X is open, there is an interval [0, t 0 ) in which S(α 0 ) is smaller than m (constant l). Let l 1 = S(α 0 )(t 0 ) and let m 1 > l 1 . Redefine α 0 for t ≥ t 0 as follows: Let α 1 ∈ P m (X) coincide with α 0 in [0, t 0 ) and be constant m 1 for t ≥ t 0 . By the no-lookahead rule, S(α 1 )(t 0 ) = l 1 . Moreover, since X <m 1 is open, there is an interval [t 0 , t 1 ) in which S(α 1 ) is smaller than m 1 and so S(α 1 ) and α 1 do not coincide at any t ∈ [0, t 1 ). Be repeating this idea, we can push the t i further away. In order to formalize this, we will define an order in certain subset of P m (X), prove the existence of a maximal element µ using Zorn's Lemma and get a contradiction by finding a greater element.
Let A be the set of those α ∈ P m (X) for which there exists t α ∈ [0, +∞) with the following properties
Note that the element t α is uniquely determined by α ∈ A. Also A = ∅ since the constant map m is in A (t α = 0).
We define an order in A as follows:
Clearly ✁ is reflexive, transitive and antisymmetric.
Let C = {α i } i∈I be a chain in A. We want to prove it has an upper bound. Define α ∈ P m (X) as follows. Given t ≥ 0, if there exists i ∈ I with t α i > t, define α(t) = α i (t). This is well-defined since C is a chain. Moreover, α is continuous in [0, t α i ) for every i ∈ I. If the set {t α i } i∈I ⊆ [0, +∞) is unbounded, α is defined and continuous in all [0, +∞). Moreover, since α <t i = (α i ) <t i , then S(α) ≤t i = S(α i ) ≤t i and therefore S(α)(t) = α(t) for every t < t i . Hence S(α)(t) = α(t) for every t ∈ [0, +∞), contradicting the definition of strategy. Thus, {t α i } i∈I is bounded. Let T = sup{t α i } i∈I . If T = t α i for some i, then α i is an upper bound for C. Assume then that T > t α i for every i. The set Y = {α i (t α i )} ⊆ X has cardinality at most c since {t α i } i∈I ⊆ R and t α i = t α j implies α i = α j . Therefore Y has an upper bound x α ∈ X. Recall that α was already defined and continuous in each interval [0, t α i ) and then in [0, T ). Define α(t) = x α for each t ≥ T . We claim that α ∈ A and that it is an upper bound for C.
We will prove that α is continuous. Note first that if t < T , there exists i with
is open. It is easy to see then that α ∈ A with t α = T and that α i ✁ α for every i ∈ I.
By Zorn's Lemma, A has a maximal element µ. Now we apply the idea of the beginning to push t µ further away. Let x = S(µ)(t µ ) ∈ X. Since X does not have a maximum, there exists y ∈ X such that y > max{µ(t µ ), x}. Define µ ′ ∈ P m (X) in the following way.
is an open set which contains t µ . Therefore, there exists t ′ > t µ such that S(µ ′ )(t) = µ ′ (t) for every t < t ′ . Finally, define ν ∈ P m (X) to be equal to µ ′ for t < t ′ and constant x ν for t ≥ t ′ , where x ν ∈ X is any element greater than y. Then ν ∈ A, with t ν = t ′ , and it is strictly greater than µ, a contradiction.
Remark 5. In the space X constructed in Theorem 4, the man does not have a strategy, independently of the starting points. Suppose S : P l (X) → P m (X) is a strategy. Let β ∈ P l (X) be a path that goes from l to x 0 = min(X) in the interval [0, This map is continuous. However, S(β ′ )(1) = S(β)(1) = β ′ (1), a contradiction. Therefore, no player has a strategy in this space for a particular choice of the starting points.
Of course, the same argument shows that the man does not have a strategy in any indiscrete space.
One important class of non-Hausdorff spaces is given by A-spaces, which model up to weak homotopy equivalence every CW-complex (see [9] and [3] ). Theorem 6. Let X be a path-connected A-space which contains a countable subset Y whose open hull is X. Then for any starting points the lion has a strategy. In particular in any finite space the lion has a strategy.
Proof. Let m, l ∈ X be the starting points. Let (y n ) n∈N be a sequence of points of Y such that every y ∈ Y appears infinitely many times in the sequence. Let (t n ) n∈N be a strictly increasing sequence in (0, 1) which converges to 1. Since X is path-connected there exists a continuous curve β : [0, 1) → X starting in l such that β(t n ) = y n for every n ∈ N. Let α ∈ P m (X). We claim that there exists n ∈ N such that α(t n ) ∈ U yn . Indeed, since lim n→∞ α(t n ) = α(1), then α(t n ) ∈ U α(1) for n big enough. Since X = y∈Y U y , α(1) ∈ U y for some y ∈ Y and then U α(1) ⊆ U y . Take n big enough and such that y n = y. Then α(t n ) ∈ U yn . For each α ∈ P m (X) define n α to be the smallest n ∈ N such that α(t n ) ∈ U yn .
We define now an equivalence relation in P m (X). Say that α ∼ α ′ if n α = n α ′ and there exists t > t nα such that α |(t nα ,t) = α ′ |(t nα ,t) . With the Axiom of Choice take for every equivalence class c a representative r(c). Given α ∈ P m (X) define S(α) ∈ P l (X) as follows. S(α)(t) = β(t) for t ≤ t nα and S(α)(t) = r(α)(t) for t > t nα . The path S(α) is continuous since r(α)(t nα ) ∈ U β(tn α ) . Moreover, S : P m (X) → P l (X) satisfies the no-lookahead rule. If α <t = α ′ <t for some t ∈ [0, +∞) and t nα ≥ t, then S(α) and S(α ′ ) coincide with β in [0, t]. If t nα < t, then α ∼ α ′ so S(α) = S(α ′ ). Finally, for any α ∈ P m (X), the paths S(α) and α coincide in (t nα , t) for some t > t nα . This shows that S is a strategy for the lion.
So far we have constructed spaces in which both players have a strategy (like S 1 ), where none of them has a strategy (the space in Theorem 4) or where only the lion has a strategy (any indiscrete space). We will show now that there are spaces where the man is the only player with a strategy.
Lemma 7. Let X be a topological space and let r : X → A be a retraction onto a subspace A ⊆ X. Let m ∈ A and l ∈ X. Then (a) If the man has a strategy in A for initial points m, r(l) ∈ A, then it also has a strategy in X for initial points m, l ∈ X. (b) If the lion has a strategy in X for initial points m, l ∈ X, then it also has a strategy in A for initial points m, r(l) ∈ A.
Proof. Let S : P r(l) (A) → P m (A) be a strategy for the man in A. Define S : P l (X) → P m (X) by S(β) = S(rβ). Clearly S satisfies the no-lookahead rule. We must check that S(β)(t) = S(rβ)(t) = β(t) for every t. If β(t) / ∈ A, this is obvios since S(rβ)(t) ∈ A. If β(t) ∈ A, then S(rβ)(t) = rβ(t) = β(t).
For the second part, suppose S : P m (X) → P l (X) is a strategy for the lion. It is easy to check that the map S : P m (A) → P r(l) (A) defined by S(α)(t) = r(S(α)(t)) provides a strategy for the lion in A.
Proposition 8.
There exists a path-connected space Y and starting points m, l ∈ Y for which only the man has a strategy.
Proof. Let X be the space constructed in Theorem 4, x 0 ∈ X its minimum and x 1 ∈ X its second element. Recall than the lion does not have a strategy if he starts at x 0 and the man starts at x 1 . Let Y = X ∨ S 1 ∨ X be the space obtained from two copies X and X ′ of X and one of S 1 by identifying the point x 1 ∈ X with a point p ∈ S 1 and the corresponding point x ′ 1 ∈ X ′ with the antipodal point q ∈ S 1 of p. Define m = x 1 = p and l = x ′ 0 . There is a retraction Y → X which maps X ′ to X with the identity and maps S 1 to m. By the previous lemma, the lion does not have a strategy in Y for those starting points. There is another retraction Y → S 1 which maps X to m and X ′ to x ′ 1 = q. By the lemma, the man has a strategy in Y .
To finish, we go back to the start. Recall that in Rado's original problem lion and man moved in a circular arena with the same maximum speed. For 25 years the lion was believed to be the one with a strategy. This "strategy" consisted in keeping the lion in the radius determined by the man. The argument used the wrong assumption that the best thing for the man was to stay in the boundary of the circle. Besicovitch showed that the man can always escape from the lion but staying in the interior of the arena. Proposition 1 says in particular that in our version of the problem, the lion has a strategy in D 2 . What about the man? We cannot use Proposition 2 by the Brouwer Fixed Point Theorem. In fact, [4, Theorem 7] shows that there is no continuous strategy for the man (considering P l (D 2 ) with a topology that makes the inclusion i :
is the straight path from l to x, and considering P m (D 2 ) with any topology that makes the evaluation ev : 1 continuous, like the compact-open topology) . Already escaping from a unique lion β ∈ P l (D 2 ) does not seem simple. How can the man escape a Peano lion which fills the disk?
We will prove that given any curve β ∈ P 0 (D 2 ), there exists a path S(β) ∈ P 1 (D 2 ) which escapes from β. Moreover, we will prove that S can be constructed satisfying the nolookahead rule. In other words, Besicovitch's result also holds in our setting. Surprisingly enough, in our strategy the man stays all the time in the boundary of the disk.
We recall for the non-expert the statement of a very particular case of the lifting lemma [10, Lemma 79.1]. Suppose that J ⊆ R is an interval and that f : J → S 1 is a continuous map. Then there exists a lifting of f to the universal cover of S 1 , that is a continuous map f : J → R such that p f = f , where p : R → S 1 ⊆ C is defined by p(t) = e 2πit . Moreover, if x 0 ∈ J and t 0 ∈ R are such that f (x 0 ) = p(t 0 ), then there exists a unique lifting f of f such that f (x 0 ) = t 0 .
Theorem 9. Let l = 0 ∈ D 2 ⊆ C be the center of the disk and let m = 1 ∈ D 2 . Then the man has a strategy. Moreover, he can keep on the boundary of the disk during the whole pursuit.
Proof. The idea is the following. While the lion is inside the concentric circle of radius 1 2 , the man stays in the point m. When the lion goes outside that circle, the man moves continuously in S 1 in such a way that, when the lion reaches the boundary of D 2 , the man is in the antipodal point. If β ∈ P l (D 2 ), then β(t) = ρ(t)e 2πiω(t) for some ρ : [0, +∞) → R ≥0 continuous and some ω : [0, +∞) → R continuous in β −1 (D 2 {0}). We define α ∈ P m (D 2 ) as follows: α(t) = e 2πiθ(t) with θ(t) = 0 if ρ(t) ≤ 
. This is well defined and continuous, and allows the man to escape the curve β. However, to turn this into a strategy for the man we must show that ω can be chosen satisfying the no-lookahead rule.
Given a ∈ [0, +∞), define an equivalence relation in the set of continuous maps with values in S 1 defined in an interval (a, b) for some b > a. We say that f : (a, b) → S 1 and g : (a, c) → S 1 are a-equivalent if there exists t ∈ (a, b) ∩ (a, c) such that f |(a,t) = g |(a,t) . D 2 {0}) . Now define S(β) ∈ P m (D 2 ) as explained above: S(β)(t) = e 2πiθ(t) where θ(t) = 0 if the norm β(t) ≤ . Then S(β) is continuous. Moreover, if β(t) = 1, then θ(t) = ω(t) + 1 2 , so S(β)(t) = −e 2πiω(t) = −rβ(t) = −β(t). In particular S(β)(t) = β(t) for every t ≥ 0. We verify the no-lookahead rule. Suppose β <t = β ′ <t for some β, β ′ ∈ P l (D 2 ) and t > 0. If β(t) = β ′ (t) = 0, then t does not belong to any of the intervals (a i , b i ) in the decomposition of β −1 (D 2 {0}) nor the intervals (a ′ j , b ′ j ) in the decomposition of (β ′ ) −1 (D 2 {0}). Moreover, the intervals (a i , b i ) with b i < t and the intervals (a ′ j , b ′ j ) with b ′ j < t are the same, so ω : β −1 (D 2 {0}) ∩ [0, t) → R coincides with ω ′ : (β ′ ) −1 (D 2 {0}) ∩ [0, t) → R and then S(β) ≤t = S(β ′ ) ≤t . Suppose now that β(t) = β ′ (t) = 0, then t belongs to an interval (a i , b i ) and to another (a ′ j , b ′ j ) with a i = a Theorem 9 can be used together with Lemma 7 to show that the man has a strategy in a large class of examples. Suppose X is a normal space and l ∈ X is such that there is a subspace U ∋ l of X homeomorphic to an open 2-dimensional disk. Since D 2 is an absolute retract, for any m ∈ X different from l, the man will have a strategy. This can be applied for instance to any n-dimensional manifold with n ≥ 2.
